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Nghién cuu dao déng riéng cua dam hai ldp co
l6 rong vi mé trén nén dan héi pasternak chiu
nén doc truc

Free vibration analysis of a two-layer beam with microscale porous voids on a pasternak
elastic foundation under axial compression
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TOM TAT

Cung vai sur phat trién cia khoa hoc ky thugt, nganh vat ligu xay dung ciing da phéat minh va sir dung nhiéu loai vat ligu tién tign va mat
trong sd da chinh |3 vat lidu ca 16 réng. Day 13 loai vat ligu ca khé nang chiu nhigt va cach am hiéu qua, dac bigt 3 st dung lam ket céu
trong cng trinh xay dung. Nghién ciru nay dua trén loi giai dang gidi tich dé chi ra dap tng dao dang riéng cia dam hai lap lam tir vat ligu
chira |8 réng vi ma, twa trén nén dan hai hai he s6 vai diéu kien bién tya don hai du va chiu téi nén doc theo truc dém. Cac biéu thic tinh
toan dugc thist ap dua trén co si Iy thuygt bign dang cét bac nhat coa Timoshenko vai hé sd higu chinh cét 4=a/6, trong da &nh hudng
ciia |6 réng dén cac dac trung co tinh vat ligu dege ma ta bang ham phu thuc chiu day dém. Thang qua céc phép bign ddi linh hoat, céng
thire chinh xac ddi vai tan sd dao dang riéng cia dam duge xac dinh. Su tin cay coa |&i gidi duge minh ching théng qua so sanh vai céc ket
qua da cang bd truac day. Cudi cung, anh huéng cia cac sd tham sd hinh hoc, vat ligu cia dam va cia luc nén doc truc dén céc tén sd dao
déing riéng ddu tién cia dam ciing duge tinh toan va binh luan cu thé, qua da gop phén [am ré tng x{ dao dang va cung cép co si khoa hoc
gitip cho cac ky sur tham khao khi thigt k& ket cdu dang dam hai lép ca |6 réng.

Tir khéa: Dao dang rign; |6 ring; Timoshenko; lti gigi Navier; nén dan hai Pasternak; nén doc truc.

ABSTRACT

With the advancement of science and technology, the field of construction materials has developed and adopted various advanced
materials, among which porous materials have gained significant attention. These materials exhibit excellent thermal resistance and
acoustic insulation properties, making them particularly suitable for structural applications in construction. This study employs an
analytical solution to investigate the free vibration response of a two-layer beam composed of microscale porous materials, resting on a
two-parameter elastic foundation, with simply supported boundary conditions at both ends and subjected to axial compressive loading.
The governing equations are formulated based on the first-order shear deformation theory of Timoshenko, with a shear correction factor of
k=0/B. The influence of porosity on the material properties is described by a thickness-dependent function. Through appropriate mathematical
transformations, an exact expression for the natural frequencies of the beam is derived. The reliability of the proposed solution is validated
through comparisons with previously published results. Finally, the effects of geometric parameters, material properties, and axial compressive
Ioad on the first natural frequencies of the beam are evaluated and discussed in detail. The findings contribute to a better understanding of the
vibration behavior and provide a scientific basis for engineers in the design of porous two-layer beam structures.

Keywords: Free vibration; porosity; Timoshenko beam theory; Navier solution; Pasternak elastic foundation; axial compression.
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1. DAT VAN BE

Trong thuc t€ ky thuat xay dung, khi két cau chinh dugc dat
tua trén mot két cdu khac, ngudi ta c6 thé mé td nhu két cau
chinh tua trén nén dan héi. Mat khac, dé giam trong lugng cla
céac két cau, cac nha khoa hoc c6 thé 4p dung nhiéu gidi phap
khac nhau nhu st dung vat liéu nhe hodc t6i uu héa thiét k& két
cdu. Trong s6 do, viéc tao ra cac 16 réng bén trong vat liéu dugc
xem la mét phuong phép hiéu qua. Bén canh tac dung lam gidm
khoi lugng, su ton tai ctia cac 16 réng con giup cai thién kha nang
cach am va cach nhiét cta vat liéu so vdi vat liéu dac. Nho nhiing
uu diém nay, vat liéu co 16 réng ngay cang dugc quan tam va
ung dung réng réi trong nhiéu linh vuc ky thuat, dic biét la
trong nganh Xay dung.

Viéc tinh toan dap Uing clia cac két cdu dam trén nén dan héi
cling dugc cac nha khoa hoc quan tam nghién clu va da dat
dugc mét s6 thanh qua. Lién [1] da két hgp gilia ly thuyét dam
dang ham lugng giac va phan t hai diém nut dé phan tich dao
déng tu do ciia dam nhiéu I6p ¢6 16 rdng. Trén co s& nhiéu ly
thuyét bién dang cat khac nhau, Trudng va cac cong su [2] da
phan tich dao déng ctia dam nhiéu I6p c6 16p bé mat 1a vat liéu
FGM va l6p 16i 1a vat liéu FGM duéi nhiéu diéu kién bién khac
nhau trén cg s& phuong phép Ritz. Chen va céng sy [3] ciing
xuat phét tir phuong phép Ritz d€ nghién ctiu dao déng tu do va
dao déng cudng buc cia dam dugc ché tao tu vat liéu co 16
réng. Charles [4] da dua trén ly thuyét bién dang cit bac nhat dé
chi rd uén tinh ctia dam tya trén nén dan hoi. Zghal va cac déng
nghiép [5] da ap dung phuong phéap phan ti hitu han dé lam ro
anh huéng cda 16 réng vat liéu dén dap Ung uén tinh ctia dam.

Trén co s& cac két qua da nghién ctu rong rai, ta c6 thé nhan
thady rdng bai toan dao dong riéng clia dam hai 16p lam tur vat
lieu co6 16 réng, tua trén nén dan hoi va chiu tac dung cla tai
trong nén doc theo truc dam, van chua duoc chi ra cu thé bang
cbng thuc gidi tich cu thé. Day Ia cach tiép can c6 y nghia thuc
tién vi cdng thuc gidi tich cho phép danh gid nhanh anh huéng
cla cac tham s6 thiét ké ma khong can chay mé phéng s6. Do
d6, muc tiéu cdia nghién ctu nay la thiét lap cong thuc chinh xac
xac dinh tan sé dao dong riéng ctia dam hai I6p c6 16 rdbng vi mé,
tua trén nén dan hoi Pasternak, chiu tai trong nén doc truc, trén
co s ly thuyét dam Timoshenko va nghiém Navier."

2. THIET LAP CONG THUC XAC PINH TAN S6 DAO PONG
RIENG CUA DAM HAI LGP €O LO RONG

Hinh 1 trinh bay mé hinh dam hai I6p tua trén nén dan hoi
hai hé s6 chiu tai trong nén doc theo truc dam N,. Dam cé chiéu
dai 1a L va mat cdt ngang c6 chiéu day téng la h, ddm gém hai
I6p vat liéu vai 16p trén (h2) va I6p dudi (h1) c6 chiéu day bang
nhau hi= ha.

No
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gt I= CRE W

Hinh 1. Dam hai I6p ¢6 16 réng chiu nén doc theo truc dam

Dam dugc ché tao tu vat lieu co 16 rdng, thé tich 16 réng
trong mai I&p ctia dam:

2h 2

4z—h) h
@) _ l—ksi —”( s 0<z<—
v, l//o{ szn[ 7 z 5

trong do k la tham s6 thé hién muc do phan bé cac 16 réng,
con y, lathé tich 16 réng tuong tng vdi truong hop k= 0.

4z+h
1,1/51) =y, {1+ksin(MJ} : —ﬁs z<0

Mm

Cac dac trung co tinh vat liéu gém mo dun han héi va hé sé Poét
xéng trong |&p thit i (i=1-2) phu thudc vao chiéu day theo ty 1& 16
rong:

S
=
[N}
N—
1]

EY (1-9))

trong d6 Eo va v, la mé dun dan héi va hé s6 Poat x6ng clia
vat liéu trong trudng hop khéng ¢4 16 rong vimo i, =0.

DE thiét 1ap biéu thic tinh toan cu thé, nghién ctu nay su
dung ly thuyét bién dang cdt bac nhat Timoshenko, do vay céc
chuyén vi:

Wx’ = VI/{)X + ZHX
: 3)

W, =W,

VGi Wox(x,0), Wo:(x,0) 1a chuyén vi doc theo truc dam va
chuyén vi vudng goc véi truc dam tai vi triz=0, va @, la goc
xoay clia phap tuyén clia mat cdt ngang dam.

Hai thanh phan bién dang bao gém bién dang dai doc theo
truc dam va bién dang goc:

ow. oW, 0
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ox ox ox @
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trong do:
ow, 00
Epy = K, = (5)
e Y o

Hai thanh phan Ung suat phap va tng suat tiép trong I6p
thicé dang:

O-)(C’) = E(I)SXX
) = —E(i) 14 ©
Too(1e)

Dé tim ra phuong trinh can bang cho dam nay, nghién cdu
nay st dung nguyén ly cong cong ao:
00, +00, —00.—-60, =0 (7)
v6i 60),,00),,00.,60), lan lust la cong 4o clia ndi luc, cong
40 cla nén, céng do cua lyc nén tac dung Ién dam va cong o
cua luc quan tinh.
Coéng do ctia dam do noi luc:
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oW,
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5 V@i Ny la luc nén doc truc dam.

as . .
Két hgp cac biéu thuc (8)-(11) va phuong trinh (7), ta thu

dugc phuong trinh can bang cho dam:
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Cong 4o cla luc nén tac dung 1én dam: Hoac c6 thé viét & dang gon hon:
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Gia st dam chiu lién két tua don hai dau, dang nghiém
Navier dugc nghién ctiu nay st dung:
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Do céc thanh phan quan tinh cta Vo, lo2 va loz rat nho so véi
lor nén ngudi ta c6 thé bd qua, do do, phuong trinh trén dan dén
lien heé:
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TU hai phuong trinh (22)-(24), ta cé
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véi:
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thé (26) vao phuaong trinh (25), ta dugc:
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Phuang trinh (26), ta sé thu dugc tan s6 dao déng riéng thit s
cla dam nhiéu I6p trén nén dan hoéi hai hé sé chiju tac dung cla
luc nén doc truc:
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3. TINH TOAN SO
3.1. So sanh dé chiing té dd tin cay
Xét dam c6 chiéu dai L, chiéu cao h. Vat liéu lam dam
c6 E =380 GPa, p =3960 kg/m?, vat liéu nhom oxit Al.O3
theo [6], dam tua trén nén dan hoéi hai hé s6 vGi cdng thic
kL' — kL
w ’KS _ s 5
EI Elx

/12
khong thit nguyén dau tién @, =,/Q2L El? vGi két

qua tinh todn bang phuong phéap cau phuong vi phan [6]
va phuong phép giai tich [7]. Bang viéc nhin vao két qua
so sanh trong Bang 1, ta c6 thé nhan thay ching tuong
dong nhau, diéu nay chiing minh su tin cay cta phuong
phdp nghién cltu clia bai bdo nay.

Bang 1. So sanh tan s6 khong thi nguyén dau tién ctia dam
trén nén dan hoi hai hé s6

chuin hoa I?W = . Bdng 1 so sanh tan s6

- o, a0, a0, (0,
(K. K) ©0 250 OV ot o5 )

6] 314 429 373 374 458 414

7] 314 429 373 374 458 414

Baibdo 314 420 373 374 458 414

3.2. Tinh toan sé va thao luan

Trén o s& cac cdng thic tinh toan da lap & muc 2, phan nay
dua ra cac s6 liéu tinh toan cu thé cho bai todn dao déng riéng
cla dam hai I8p chiu tai trong nén doc truc. Thong sé hinh hoc
va vat liéu ctia dam bao gém chiéu dai L = 2 m, Eo = 70 GPa,

v, =03, p, =2700 kg/m? tdi nén doc truc dam la N =

Na10°> N/m. Nén dan héi c¢é cac tham sé6 dod cung
4 2

k. = ku,%; kl =k, 12L3 . Théng s6 khao sét 1a tan s6 dao dong
E(Jh() EOhO

riéng thd i cla dam dugc chudn héa theo cong thc:

o =Q(i) 22 |22 véi ho=L/50.
ER

- Anh huéng clia luc luc nén tac dung [én dam:

Pé& xem xét dap Uing dao dong riéng cGla dam trong trudng hap
tai trong nén nhan gia tri khac nhau, tién hanh thay déi dé 16n cla
Nqatr 1 dén 10, két qua tinh todn nam tan s6 dao ddng riéng dau tién
clia dam dugc chi ra nhu trén Hinh 2. Khi lyc nén tac dung 1én dam
tang lén thi tan s6 dao déng riéng cia dam gidm xudng, diéu nay la
do khi luc nén c6 gia tri cang I6n thi nang lugng ctia dam cang giam,
do d6 d6 cing téng thé clia két cau gidm xudng. Do d6 tan s6 dao
déng ctia dam gidm xudng khi luc nén tac dung Ién dam tang lén.
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4 \ 4 4 \g 24 A4 2 4 A \
5
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0 0.2 04 N 0.6 0.8 1
d

Hinh 2. Nam tan s6 du tién cla dam phu thudc vao luc nén Nq, k: =10, k: =2,
k=04, y, =03.

- Anh huéng cla thé tich 16 réng v/, :

Téng dan thé tich 16 réng sao cho tham s6 7, bién déi tur 0
dén 0.4, két qua tinh toan nam tan sé dao dong riéng dau tién
cta dam nhiéu I6p dugc vé nhu trén Hinh 3. Ta thdy rang khi
tham s6 ,, co gia tri cang I6n thi ty € 16 réng trong vat liéu cta
dam cang I6n, tan s6 dao ddng riéng clia dam composite cang
giam. Tuy nhién, tan s6 cang cao thi muic do gidam cua tan sé khi
tham s& , tang |én cang thé hién r6 rét.
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b. L/h=20
Hinh 3. Nam tan s6 dao dong riéng dau tién ca dam phu thudc vao thé tich 16 réng
Wy Ne=1, k=20, k. =5,k=09.
- Anh huéng clia tham s6 k:
Hinh 4 thé hién két qua tinh todn ndm tan s6 dao dong riéng
dau tién ctia dam nhiéu I6p phu thudc vao tham sé k ting vai hai
gia tri khac nhau cla ty 1é L/h. Khi téng gid tri clia tham s6 k thi
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tan sé dao dong ctia dam gidm xudng, di€u nay la do tham sé k
cang tang thi ty 1& 16 rébng trong dam cang tang, do d6 dam trg
nén mém hon. Tuy nhién, su thay ddi clia tan s6 déi véi tham s6
k khong nhiéu, nhat & tan s6 thap.

20 0 ———e—o—— : .l
)

——Q,
—— —a
15 . T I < |
—te— (),
f e
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v v v v v v v v
5
0 . . . .
0 0.2 0.4 k 0.6 0.8

Hinh 4. Nam tan s6 dao dong riéng dau tién cia dam phu thudc tham so phan bé 16
rongk, Ni=1, k,, =20, k. =5,k=04, y,=03

Tu céc két qud khdo sat trén, c6 thé rut ra mot s6 nhan dinh
quan trong cho thiét ké: Luc nén doc truc c6 anh hudng dang ké
nhat dén tan sé dao dong riéng, dac biét & cac mode thap, do d6
khi thiét k& dam chiu nén trén nén dan hoi can uu tién kiém tra
tan s6 mode 1. Thé tich 16 réng ,anh hudng manh hon & cac

mode cao, trong khi tham s6 phan bé k c6 anh hudng tuong déi
nhd, cho thay téng thé tich 16 rébng quan trong hon cach phan
b6 16 rédng. (Dam day (L/h = 20) ¢6 tan s6 chudn hoéa cao hon
dam moéng (L/h = 50) do anh hudng cua bién dang cét.

4, KETLUAN

Bai bao da dé xuat Isi gidi dang Navier dé nghién clu dao
déng riéng ctia dam hai I6p tya trén nén dan hoi, vat liéu c6 16
rébng vi mo va chiu tai trong nén doc theo truc dam. Cac cong
thic tinh toan dugc tim ra trén g sd ly thuyét bién dang cat bac
nhat Timoshenko va dugc kiém ching véi cac két qua tinh bang
c& phuong phap gan dang va phuong phap giai tich dé khang
dinh tinh ding dan caa ly thuyét da thiét lap. Nghién ctu nay
cing chi ra cac tinh toan s6 va kém theo cac thao luan cu thé déi
vGi tham sé hinh hoc va vat liéu ctia dam, clia luc nén nham giup
cac nha khoa hoc hiéu dugc quy luat clia cac dap Ung tan s6, tu
d6 hiéu ré hon co ché va quy luat dap ung clia dam nhiéu lép
trong thuc té. Day clng la co s& khoa hoc giup thiét ké hiéu qua
cac két cdu dang dam trong ky thuat xay dung mét cach 6 hiéu
qua cao.
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